Numerical calculations: Programm CRUSH: Dove, Giddy, Hammonds, Heine, Pawley (since 1993) The tetrahedra are taken as rigid molecules. Harmonic forces are assumed between the split O-atoms and a pseudo-intensity
is determined. For wave-vectors q with n RUMs I(q) diverges approximately like n/Ω.
RUMs along surfaces and curves where found in the Brillouin zone.
Here I present analytical calculations by means of computer algebra (MAPLE).
Theory
Oxygen-ions at (A maps the unit cube onto the elementary cell.)
Constant distance of edge e between r n+m e ,i e and r n+m ′ e ,j e :
Distance vector:
Theory cont.
Then
Since d independent of n, Fourier-transform
At each edge e vertices i e and j e , Distance vector d e = d m e −m ′ e ,i e ,j e . The determinant M of the Matrix M with elements
has to vanish. e = 1..6n t , k = 1..2n t , α = 1..3.
SinceM(−q) =M * (q), one concludes:M is purely real or imaginary in the case of inversion symmetry. → RUMs constitute surfaces in the Brillouin zone at inversion symmetry. If inversion symmetry is missing then the RUMs are generically on lines, since both real and imaginary part have to vanish. Compare also Owen and Power. M is independent of the choice of the tetrahedra.
Inversion symmetry cont.
number of edges n e , number of vertices n v , M square matrix, if n e = dn v . Under inversion s e edges and s v vertices map onto themselves p e and p v pairs are connected, n e = s e + 2p e , n v = s v + 2p v . Then τ = p e + dp v + dn v . a 1 = a 2 e 2 + a 2 e 3 a 2 = a 2 e 1 + a 2 e 3 a 3 = a 2 e 1 + a 2 e 2 1st tetrahedron from c 1 , c 2 , c 3 , c 4 ; 2nd tetrahedron from c 1 , c 2 − e 1 , c 3 − e 2 , c 4 − e 3 .
β-Tridymite
Inversion symmetry. n t = 4 tetrahedra per elementary cell, hexagonal lattice. Determinant:
2 32 3 2 ρ 1/2 3 R, R = 9 ρ 3 + 1 ρ 3 − 4f 1 (ρ 1 , ρ 2 ) + 14,
f 1 and f 2 are invariant against rotations 2π/3 around the z-axis: a 1 → a 2 → −a 1 − a 2 → a 1 , ρ 1 → ρ 2 → 1/(ρ 1 ρ 2 ) → ρ 1 .
β-Tridymite cont.
The factor 1 − ρ 3 yields RUMs in the plane (ξ, η, 0).
The factors f 2 yield RUMs in the planes (0, η, ζ), (ξ, 0, ζ), (ξ, −ξ, ζ).
The zeroes of R describe a bent surface cos(2πζ) = 16 9 cos(πξ) cos(πη) cos(π(ξ + η)) − 7 9 .
The maximum on the r.h. 
